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We propose a scheme for continuous- variable telecloning with phase-conjugate inputs (PCI). Two 
cases of PCI telecloning are considered. The first case is where PCI telecloning produces M clones 
nonlocally and M anticlones locally, or vice versa. This kind of PCI telecloning requires only one 
EPR (Einstein-Podolsky-Rosen) entangled, two-mode squeezed state as a resource for building the 
appropriate multi-mode, multipartite entangled state via linear optics. The other case is a PCI 
telecloning protocol in which both clones and anticlones are created nonlocally. Such a scheme 
requires two EPR entangled states for the generation of a suitable multipartite entangled state. As 
our schemes are reversible, optimal cloning fidelities are achieved in the limit of infinite squeezing. 



I. INTRODUCTION 

Arbitrary quantum states cannot be copied perfectly 
according to the quantum mechanical no-cloning theorem 
P, However, there are optimal quantum cloning pro- 
tocols that lead to imperfect, approximate copies resem- 
bling the input state just as much as allowed by quantum 
theory. This quantum cloning plays an important role in 
quantum information and quantum communication. For 
instance, it has been shown that quantum cloning might 
improve the performance of some computational tasks 
0- Quantum cloning also represents a potential eaves- 
dropping attack in quantum cryptographic protocols Q . 

An approximate, optimal quantum cloning machine 
was first considered by Buzek and Hillery Q. Their 
doner operates in the domain of discrete variables and 
acts upon qubit states. Later, quantum cloning was ex- 
tended to the continuous-variable (CV) regime by Cerf 
et al. . Continuous- variable quantum cloning has been 
extensively studied in recent years. This interest has been 
partly motivated by the fact that preparing and manipu- 
lating optical, Gaussian, CV quantum states is relatively 
easy compared to other implementations. There are var- 
ious theoretical proposals for an experimental realization 
of CV quantum cloning 0, H, [§]. These first proposals 
rely upon linear optics, and, in addition, on the opti- 
cal amplification of the input states. The cloned states 
in these schemes are produced locally, from a number 
of identical copies of the signal state. We refer to this 
kind of quantum cloning as local, conventional cloning. 
A more recent experimental realization of local, conven- 
tional cloning of optical coherent states was achieved 
without amplification, using only linear optics, homo- 
dyne detection, and feedforward According to an- 
other interesting proposal of this kind of cloning pd| . 
approximate copies of an optical quantum state appear 
in two atomic ensembles. 

There has also been a lot of interest in quantum nonlo- 
cal cloning (telecloning) , which is a combination of quan- 



tum cloning and teleportation to more than just one re- 
ceiver. The aim of telecloning is to broadcast information 
of an unknown quantum state from a sender to several 
spatially separated receivers exploiting multipartite en- 
tanglement as a multi-user quantum channel. For con- 
tinuous variables, the first proposal for optimal 1 ^ M 
telecloning of coherent states is based upon an M -|- 1- 
partite entangled multi-mode Gaussian state The 
protocol itself, similar to one-to-one quantum teleporta- 
tion ^3(1, uses beam splitters, homodyne detection, and 
feedforward. In this case, the anticlones (phase-conjugate 
clones, or time-reversed state) are lost; thus, optimal tele- 
cloning can be achieved by exploiting nonmaximum, ef- 
fectively bipartite entanglement produced from finitely 
squeezed light via linear optics. This scheme (see also 
14, 15]) is regarded as the CV irreversible telecloner, 
analogous to the irreversible telecloner in the domain of 
discrete variables [l^. Recently, irreversible telecloning 
of optical coherent states was demonstrated experimen- 
tally [13. 

In addition, CV reversible telecloning was proposed 
[l8| . in which the information of an unknown quantum 
state is, in principle, transferred without loss from a 
sender to several spatially separated receivers, again ex- 
ploiting multipartite entanglement as a multi-user quan- 
tum channel. However, in this case, optimal reversible 
telecloning requires maximum bipartite entanglement; 
hence infinite squeezing would be needed to build the 
corresponding multi-mode entangled state p^ . 

An important work on quantum state estimation has 
revealed that more quantum information can be encoded 
in antiparallel pairs of spins than in parallel pairs p^ . 
Subsequently, a similar result was obtained in the CV 
regime, where a pair of conjugate Gaussian states car- 
ries more information than a pair of identical coherent 
states [20]. These results enable one to achieve better 
fidelities with a cloning machine admitting antiparallel 
input qubits or phase-conjugate input coherent states, 
compared to the conventional case with identical input 
copies. Based upon the above properties, Fiurasek pro- 
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TABLE I: Summary of earlier work and existing results on 
quantum cloning. 



posed a cloning machine for antiparallel spin states [2ll |. 
Similarly, Cerf and Iblisdir derived a CV cloning trans- 
formation that uses N copies of a coherent state 
and N' copies of its complex conjugate as input states, 
and produces M optimal clones of the coherent state and 
M' = M + N' — N phase-conjugate clones (anticlones, 
or time reversed states). This is the first scheme for a 
local, phase-conjugate input (PCI) doner of continuous 
variables. Nonetheless, an experimental realization of the 
proposed PCI doner is difficult, as it requires "online" op- 
tical parametric amplification. Recently, a much simpler 
and efficient CV PCI cloning machine based on linear op- 
tics, homodyne detection, and feedforward was proposed 
[23l . [23 | and implemented experimentally [13] ■ Note that 
the production of an infinite number of clones (M —^ oo) 
coincides with optimal or perfect state estimation [2^ . 
The case of M clones and M — 2 anticlones from two 
identical replicas gives the optimal telecloning fidelity of 
2/3 for M — > oo and maximally EPR entangled state. 
This is consistent with the standard optimal value of 2/3 
for 1^2 cloning of coherent states that was obtained 
in Ref. Q. However, the PCI telecloner yields the bet- 
ter fidelity of 4/5 owing to the added information in the 
phase-conjugate input state. The result of the increased 
fidelity of 4/5 for coherent states with phase-conjugate 
input modes indicates that the added information in the 
input state must be equivalent to the 1^2 cloning of 
a single mode coherent state with known phase, where 
the fidelity is also 4/5 [2^. A summary of the various 
quantum cloning schemes and their realizations is shown 
in Table 1. 

In this paper, we propose a protocol of CV reversible 
telecloning of coherent states with phase- conjugate input 
modes. The N + N ^ M + M quantum telecloning ma- 
chine yields M identical clones and M identical anticlones 



from N copies of a coherent state and N phase-conjugate 
copies. Here, we consider two cases of PCI telecloning. 
In the first case, PCI telecloning produces M clones non- 
locally and M anticlones locally, or vice versa. Alterna- 
tively, both clones and anticlones may be created nonlo- 
cally through PCI telecloning. Optimal cloning fidelities 
of this PCI telecloning require perfect EPR (Einstein- 
Podolsky-Rosen) entanglement, i.e., infinite two-mode 
squeezing as a resource. However, similar to the con- 
ventional (irreversible) CV telecloning scheme [13, no 
"online" optical parametric amplification is needed. As 
shown in Table 1, PCI telecloning of qubit states has not 
been investigated yet. Hence our protocol represents a 
nice example, where a CV quantum information proto- 
col is proposed before its qubit counterpart. 



II. PCI TELECLONING WITH NONLOCAL 
CLONES AND LOCAL ANTICLONES, 

1 + 1 ^ M + M 

The quantum states we consider in this paper are de- 
scribed with the electromagnetic field annihilation op- 
erator a = {X + iP)/2, which is expressed in terms 
of the amplitude X and phase P quadrature with the 
canonical commutation relation [X, P] = 2i. Without 
loss of generality, the quadrature operators can be ex- 
pressed in terms of a steady state and fluctuating com- 
ponent as ^ = (A) + AA, with variances of Va = (AA^) 
{A — X or P). The input coherent state and its 
phase-conjugate state to be cloned will be described by 
l^m) = 1^ [xtn + iPtn)) and |a*„) = |i {xin - ipin)) re- 
spectively, where Xin and Pm are the expectation values 
of Xin and Pin- The cloning machine generates many 
clones of the input state characterized by the density op- 
erator Pcione and the expectation values Xdone and Pdone- 
The quality of the cloning machine can be quantified by 
the fidelity, which is the overlap between the input state 
and the output state. It is defined by [l^l 



F 



\C^in \ Pcione \C^in) 



* exp 



'{1 + Xdone){l + Pcione 
{'^clone -^in ) {^Pcione Pin) 



2(1 + A-^Xdone) 2(1 + A-^Pclone) 

= Xin, the fidelity 



(1) 



In the case of unity gains, i.e., Xd 
is strongly peaked and becomes 



(1 + A2X,,o„e)(l+A2Pe/o„e) 



(2) 



The essence of quantum telecloning is the multipartite 
entanglement shared among the sender and the receivers. 
Without multipartite entanglement, it is only possible to 
perform the corresponding two-step protocol: the sender 
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FIG. 1: Schematic diagram of 1 + 1 —^ M+M PCI telecloning 
with nonlocal clones and local anticlones. BS: Beam splitter, 
LO: Local oscillator, AM: Amplitude modulator, PM: Phase 
modulator and AUX: Auxiliary beam. 



produces clones and anticlones locally, and then (bipar- 
titely) teleports them to each receiver. The two-step pro- 
tocol would require 2M — 1 bipartite entanglement for 
teleportation. Continuous-variable PCI telecloning with 
nonlocal clones and local anticlones only requires one re- 
source of bipartite entanglement. The bipartite entan- 
gled state of CV is a two-mode Gaussian entangled state 
(EPR entangled state) , which can be obtained directly by 
type-II parametric interaction psj or indirectly by mix- 
ing two independent squeezed beams on a beam-splitter 
27| . The EPR entangled beams have a very strong cor- 
relation property such that both their sum-amplitude 



quadrature variance {5{Xa,, 



-2r 



and 



their difference-phase quadrature variance {^{YaEPRi ~ 
YaEPRi)'^) = Ze"^*" are below the two-mode vacuum noise 
limit, where r is the squeezing parameter. Let us first il- 
lustrate the protocol in the simple case of 1 -|- 1 AI + M 
PCI telecloning, as shown in Fig. 1. One of the EPR 
entangled beams as phi is hold by the sender and the 
other aEPR2 is distributed among M remote parties via 
(Af — 1) beam splitters with appropriately adjusted trans- 
mittances and reflectivities. The modes Vj^a are in the 
vacuum state. The EPR entangled mode a e pr2 is mixed 
with vi^in at the beam splitter BSi. The mode Si con- 
tains the EPR entangled mode aEPR2 up to a factor of 
Xj^fM. The output £2 is split at BS2 and so on, until it 
arrives at the last beam splitter BSm-\- The transfor- 
mation performed by the jth beam splitter can be written 
as 



1 



M - J + 1 




(3) 



Cj + l,a 



3 



M 



1 



j + 1 \l M + 1 

where c\^a — aEPR.2, and om = CM,a- It is clearly shown 
that each mode aj contains a ^JXjM portion of the EPR 
entangled mode aEPR2 and a -y/ (M — l)/M portion of 
vacuum. 

At the sender station, the input coherent state Ci„ 
and its phase-conjugate state c*„ are prepared by an 
amplitude modulator and a phase modulator, respec- 
tively. The modulated signals on the amplitude mod- 
ulators are in-phase and the modulated signals on the 
phase modulators are out-of-phase. The input phase- 
conjugate state c*„ is combined with the EPR entangled 
beam clepri via a variable beam splitter BSq with trans- 
mission rate T and reflectivity rate R. The transmitted 
field cit = VTc*j^ — ^/Rciepri is divided into M modes 
{61,62, ■•■i^A/} via (Af — 1) beam splitters, which is the 
same as for the EPR entangled beam aEPR2 (see also Eq. 
^). The reflected output Cir — VRc*^ + clepri is 
combined with input mode Ci„ at a 50/50 beam splitter. 
Then we perform homodyne measurements on the two 
output beams in order to obtain the amplitude and phase 
quadratures simultaneously. The measured quadratures 
are 



1 

1 

T2 



WRX, 



TX 



EPRl 



iVRPc' 



TPepri-PcJ. (4) 



The sender then conveys the measured results Xm and Pm 
to the local modes bj and the remote ones aj. After re- 
ceiving the measurement results, each receiver displaces 
his corresponding mode by means of a 1/99 beam split- 
ter with an auxiliary beam, the amplitude and phase of 
which have been modulated via two independent modu- 
lators using the received x and p signals with the scaling 
factors gx = —gp = gi for modes and, gx — gp — 32 for 
modes bj respectively [13]. Corresponding to the trans- 
formation A O'iAD = a + (^Xm + iPm) /2 in the 
Heisenberg representation, the displaced fields of the re- 
mote parties can be expressed as 



1 



M-j 



M-j + i"^'" y M -j + 1 



,a, (5) 



I M-J 
M-j + 1 



M-j + 1 



where 



IM r- *t \M I 

51 \\ — V i?C + .91 W — VI - Ra^EPRx 



+aEPR2 + gi\l ^Ci„ 



(6) 
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The displaced local modes can be expressed as 



(7) 




A^X , = A^P . = 1 



(M - 1) 



2e- 



A^X' = A^R, = 

''j M l-R 



2AP M 
I l + R M - 1 



M 



= 1 



(M - 1) 
2Af2 



The fidelity can be obtained via Eq. ^ 



(15) 



where 



-(Vi? - .g2y^Vl-i?)aBpm + .g2-y^c|^9) 

= 4f.6- (10) 



By choosing gi = ^/2/M{l — R) and g2 ~ 
^J2R/M{1 — R), the displaced fields c^ ^j and ^ are 
given by 



c- + 



+(4 



1 



Vl^R 



(11) 

(12) 



We can see that Eqs. (fTTj) and (fT2|) include a phase- 
insensitive amplification with gain G = l/(1 — i?). 

Note that both terms Ci„ and c*l in Eq. (fTTj) contribute 
to the total coherent signal with a factor of 1/ y/1 — R + 
VR/^/T^ni and noise variances with y'l + FL/ Vl ~ 
and in Eq. (fT2)) they contribute to the total conjugate 
coherent signal with a factor of 1/ \/l — R + -\/l — R 
and noise variances with y/TTR/VT^^. Since each 
output doner and anticlone 6^- should include one part 
of the input coherent and the conjugate state, R must 
satisfy 



+ 



Vr 



^M{1 - R) ^M[l - R) 



(13) 



The parameter R can be easily determined by solving the 
above equation, 



Tpclone 



rpanti 



4M2 + (M - ly + 4Me-2'- ' 
4Af2 



4A/2 + (A-f - ly 



(16) 



This scheme produces A/ anticlones locally and M clones 
nonlocally. The fidelity of the anticlones is optimal and 
independent of the entanglement. However, the fidelity 
of the clones does depend on the entanglement. An op- 
timal fidelity of the clones requires a maximally EPR 
entangled state, r oo. Now we compare M clones 
and M anticlones from the phase-conjugate input modes 
with M clones and M — 2 anticlones from the two identi- 
cal replicas. The fidelity of the standard 2-to-M-|-(M-2) 
telecloning is given by [l8| 



TpcLone 
T^anti 



2M 



3M 
2 

3 



2e- 



(17) 
(18) 



In the special case M — 2, the standard telecloncr 
can produce clones perfectly with fidelity equal to one 
(r — > oo) and no anticlones, while the PCI telecloner 
yields two clones and two anticlones with fidelity equal 
to 16/17 (r — > oo). Obviously, the PCI telecloner 
yields a better fidelity than the standard cloning when 
A/ > 3. In the limit of large M ^ oo, we see i^f'""^ ^ 

Fq^*' oo ~ t compared with the standard telecloning 

F^^_Z'^ = ^2™*^ = I (r ^ cx)). This shows that more 
information can be encoded into a pair of conjugate co- 
herent states than by using two identical states, which 
was shown in Refs. [20l [2J|. This scheme can be eas- 
ily modified in order to realize PCI telecloning with lo- 
cal clones and nonlocal anticlones; simply the inputs of 
the coherent state and its phase-conjugate state must be 
swapped. 



R = 



(M-l) 
(A/ + 1) 



2 • 



(14) 



According to Eqs. (|5l8ll4p . the variances of the clones 
and anticlones can be written as 



III. PCI TELECLONING WITH NONLOCAL 
CLONES AND LOCAL ANTICLONES, 

N + N ^ M + M 

We now generalize the 1 + 1 M + M case to A'' -|- 
N ^ M + M PCI quantum telecloning, which produces 
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^(1 + i?)/(l — R). Since each output doner and an- 

ticlonc bj should again include one part of the input co- 
herent and conjugate state, R must satisfy 



R 



= 1. 



(23) 



'^Mil^R) ^M{1 - R) 

The parameter R can be easily determined by solving the 
above equation, 



R 



(M - Nf 
{M + Nf 



The variance and fidelity of the (]^) 
doner will is now given by 



(24) 

(jll) PCI tele- 



FIG. 2: Schematic diagram oi N + N ^ M + M PCI tele- 
cloning with nonlocal clones and local anticlones. 



M clones nonlocally and AI anticlones locally from N 
copies of a coherent state and N copies of its complex 
conjugate, as illustrated in Fig. 2. First, we concentrate 
N identically prepared coherent states |$) described by 
{o-in,i} {I — Ij ■ ■ ' into a single spatial mode ci with 
amplitude \/]V$. This operation can be performed by 
interfering N input modes in — 1 beam splitters, which 
yields the mode 



Cl 



1 ^ 

— Y 



(19) 



and TV — 1 vacuum modes. The same method can be used 
for the generation of the phase-conjugate input mode C2 
with amphtude \/]V$* from the N copies of |<I>*) stored 
in the N modes {a*„ ;} (/ = 1, • • • A^), which is expressed 
as 



= 1 



[M - Nf 

2APN 
(Af - Nf 



2e 



-2r 



M 



21VPN 



Tpclone 



AM'^N 



F, 



U'PN + (M - Nf + AMNe-^"- ' 
AM^N 



(«)-(m) AA'PN +{M - Nf 



(25) 



Obviously, Eq. (|T6|) can be obtained from Eq. 
with = 1. This result also coincides with that ob- 
tained in Ref. [l^]. However, the output anticlones 
are lost in that scheme. The advantage of dealing with 
N pairs of complex conjugate inputs can be most eas- 
ily illustrated in the limit of an infinite number of clones, 



AI oo; from Eq. 



4jV 
4Ar+l ' 



T^anti _ 

ties are pcione 

(r oo) 
2N+1 y 



we obtain P'='°"'= 



4N 



and 



4Ar-i-l 

while the standard telecloning fideli 



■2JV) 



2N oriH po.nti 
2N+1 ^2N^M+(M-2N) 



1 



C2 



1=1 



(20) 



Then, ci and £2 are sent into the cloning machine (see 
Fig. 1). The displaced fields (Eqs. HI]) and dE])) become 



/R 4^ 1 

-A + 



Vi^R ' 

+ (^£;P_R1 + 0,EPR2) 
1 . Vi? 



Cl 



(21) 
(22) 



The terms with ci and in Eqs. (PT|) and (|^ con- 
tribute to the total coherent signal with a factor of 
%/iV(l/yr^+ /R/\/]~R) and noise variances with 



IV. PCI TELECLONING WITH BOTH CLONES 
AND ANTICLONES NONLOCAL 

We now consider 1-1-1 AI + AI PCI telecloning, 
which nonlocally produces at the same time AI clones 
and AI anticlones from a coherent state and its phase 
conjugate using multipartite entanglement, as shown in 
Fig. 3. The case of N + N^AI + AI is easily obtained 
from the case of 1 -I- 1 ^ M -f M in a similar way to the 
discussion of the preceding sections. 

Here, two pairs (aspfli, aspffi) and {bEPRi,bEPR2) of 
EPR entanglement are utilized with squeezing ri and r2 , 
respectively. One of the EPR entangled beams aEPR2 
is distributed among M remote parties {ai, 02, a^/} 
via {AI — 1) beam splitters similar to Eq. One 
of the other EPR entangled beams bEPRi is combined 
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FIG. 3: Schematic diagram of 1 + 1 M+M PCI telecloning 
with both clones and anticlones nonlocal. 



with the EPR entangled beam clepri at a beam spht- 
ter BSi) with transmission rate T — \ — R and reflec- 
tivity R ^ {M -if / [M +lf. The transmitted field 
Cit — VtIiepri — \/~RaEPRi is also divided into M re- 
mote modes 62, by (M — 1) beam splitters, 
similar to the EPR entangled beam aEPR2- The reflected 
output cir — VRbEPRi + VTaEPRi and bEPR2 are held 
by the senders 1 and 2, respectively. Sender 1 combines 
the reflected output mode cir with input mode Cm at a 
50/50 beam splitter and sender 2 does the same thing 
with the EPR entangled beam bEPR.2 and the phase- 
conjugate input mode. Note that the modes aEPR2, cu, 
cir and bEPR2 form a genuine four-mode entangled state, 
whose properties are diflFerent from CV Greenberger- 
Horne-Zeilinger (GHZ) and cluster states and discussed 
in Ref. (soj . Next the senders perform homodyne mea- 
surements on the two output beams of the 50/50 beam 
splitters to obtain two amplitude and phase-quadrature 
measurement results (a;i,pi), (x2,P2) to be conveyed to 
the remote parties. The measured quadratures are 





1 








1 


A = 






1 


X2 = 


72 




1 


P2 = 


V2 



(26) 



After receiving the measurement results, each party in 
the set {ai,a2, ...,aM} combines these results, 

Xs,a = gxl.aXl + gx2,aX2 




1 - R 



M(l - R) 

Ps,a = gplMPl + gp2,aP2 
1 



{XbEPRl + XbE 




M(l - R) 



w here gxl,a ^ -.9pl.a = gx2.a/\fR = ~gp2,a/VR = 

y/2/M{l — R), and flnally displaces the corresponding 
entangled mode. The output fields are the clones of PCI 
telecloning with the variances and fidelity given by 



2Af2 



M 



T^clone 

(})-'(m) ~ 4Af2 + (Af- 1)2(1 + e-2'-2) + 4Me-2'-i 



(28) 



Similarly, each party in the set {&i,62, ...,&m} combines 
the measurement results. 



Xs,b 



l,bXl + gx2MX2 
( 



1 



1 



1 



Xr 



Ps,b = gpl.bPi + gp2..bP2 
1 



1 



1 



-Pr: 



RXaEPRi 

R 

^/M{1 - R) 



R 



l-R 

XbEPRl ) 



:Xr 



R 



:Pr. 



R 



^M{1 - R) 



1 - R 

PbEPRn (29) 



where gxi,b 



gpi.b 



^2R/M{1 - R) and (7,2,1 



—gp2,b = ■\/2/Af(l — R), and flnally displaces the cor- 
responding entangled mode. Now the output flelds are 
the anticlones of PCI telecloning with the variances and 
fldelity 



rpanti 

^(i)-(S) 



A2R, 



(M-lf ^ (M + l)2 

^ 1 



2Af2 



2M2 



4M2 + {M- 1)2 + {M + l)2e-2'-2 ■ 



(30) 



This protocol produces nonlocally M clones and M an- 
ticlones at the same time. The fldelity of the clones and 
anticlones depends on the entanglement. Clearly, an op- 
timal fldelity of the clones and anticlones, in agreement 
with the results of Ref. [lO, , requires a perfectly en- 
tangled state, ri, r2 00. 
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V. CONCLUSION 

In conclusion, we have proposed a protocol for CV 
tclccloning of coherent states with phase-conjugate in- 
put (PCI) modes. Two kinds of the PCI telecloning are 
considered. In the first scheme, the PCI telecloning pro- 
duces clones nonlocally and anticlones locally. Realiza- 
tion of this kind of PCI telecloning requires a single EPR 
(two-mode squeezed) entangled state as a resource, ar- 
rays of beam splitters, homodyne detection, and feed- 
forward. Through the alternative scheme, both clones 
and anticlones are produced nonlocally at the same time. 
This scheme requires two EPR entangled states as a re- 
source. The protocols described here may be applicable 
to various quantum communication scenarios, e.g., to an 
eavesdropping attack in quantum key distribution. 
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